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ABSTRACT 
By separa t ing  t h e  microscopic ?z 0 equations of m t i o n  for  
the p a r t i c l e  dens i ty  and the f i e l d s  i n  a plasma i n t o  
zrisemble average and f luc tua t ing  p a r t s  we  have been able 
to ob ta in  an unambiguous desc r ip t ion  of s c a t t e r i n g  of an 
electromagnetic*wave from dens i ty  f luc tua t ions .  The 
method descr ibed can be general ized t o  include a l l  linear 
s c a t t e r i n g  processes i n  a plasma involving t h e  i n t e r -  
a c t i o n  of t r ansve r se  and longi tudina l  waves with fluccu- 
a t  ions  . 
D R A F T  
I. INTRODUCTION 
I 
I n  an ear l ier  paper , t h e  author had attempted an un- 
aribigbous formulation of t h e  cross  s e c t i o n  descr ib ing  
f i u c t u a t i o n  s c a t t e r i n g  and absorption i n  a space-dispersive 
c o l l i s i o n l e s s  plasma. I n  the process,  an ansa t z  was in- 
voked concerning the introduct ion of f luc tua t ions  i n  tke 
Boltzmann-Vlassov (B-V) equation for a plasma. A s  is  w e l l  
known, t h e  B-V equations are ensemble average equations for  
the  particles and f i e l d s  and as a consequence dc  zo t  re- 
f l ec t  the ex is tence  of f luc tua t ions  i n  a plasma: hence, the 
need for  the aforementioned ansatz.  I n  t h e  present  paper 
the same problem w i l l  be discussed i n  a more r igorous manner 
Sy int roducing the f luc tua t ions  i n  the microscopic equations 
of motion for the p a r t i c l e s  i n  t h e  plasma. 
T h e  need t o  introduce s t a t i s t i c a l  mechanical methods 
for t h e  systematic  de r iva t ion  of t h e  macroscopic Maxwell's 
equat ions i n  a medium and of f luc tua t ion  s c a t t e r i n g  khas been 
recognized many years  ago (2,3).  It i s  however, r e l a t i v e l y  
that  F i ~ m a n ( ~ )  attempted the desc r ip t ion  of che 
, ~ o b l e i n  by simultaneous use of microscopic and macroscopic 
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equations for the electromagnetic f i e l d .  The i m p l i c i t  
assumptions i n  Fixman's work w e r e  t h a t  t h e  microscopic 
equations t r u l y  represent  t h e  complete p i c t u r e  of t h e  
microscopic events i n  t h e  i n t e r a c t i o n  of f i e l d s  w i t h  
granulated matter and that  the  macroscopic equations 
t r u l y  r ep resen t  t h e  ensemble average p rope r t i e s  of t h e  
same i n t e r a c t i o n .  Simultaneous manipulation of the 
microscopic and ensemble average f i e lds  has y ie lded  a 
sensible,  i f  not completly, s a t i s f a c t o r y  approach t o  
the problem. More r e c e n t l y  Mazur(5#6) has a l s o  d i s -  
cussed the s t a t i s t i ca l  mechanics of the electromagnetic 
1 
prope r t i e s  of matter and has  given a molecular theory  
of l i g h t  s c a t t e r i n g  t h a t  c lose ly  follows Fixman's s teps .  
I n  w h a t  follows, we  w i l l  develop the theory of f luc tu-  
a t i o n  s c a t t e r i n g  i n  a c o l l i s i o n l e s s  plasma i n  a more 
n a t u r a l  way s t a r t i n g  from t h e  microscopic equations for  
p a r t i c l e s  and f i e l d s .  It i s  bel ieved t h a t  t h i s  theory 
can adequately and without ambiguity descr ibe  a l l  l i n e a r  
s c a t t e r i n g  processes i n  a plasma ( t ransverse  waves from 
f l u c t u a t i o n s ,  longi tudina l  waves from f luc tua t ions  I f luc tu-  
a t i o n s  from f l u c t u a t i o n s )  whose p a r t i c l e  c o r r e l a t i o n s  higher  
t h a n  the second can  be neglected.  
-3-  
11. THE MICROSCOPIC EQUATIONS FOR A PLASMA 
For t he  microscopic descr ip t ion  of t h e  plasma, 
we follow the  method i n i t i a t e d  by Klimontovich(7). H e  
introduces the  random function of t h e  microscopic 
p a r t i c l e  dens i ty  for  the  *-% species  i n  a multicom- 
ponent plasma as 
1.1 
t o  def ine  t h e  number of p a r t i c l e s  i n  phase space $j&j 
around 5 and 
/Iq 
t h e  Hamiltonian of t h e  system ( p a r t i c l e s  and f i e l d s )  
Klimontovich then der ives  t h e  following exacc equatifi- s 
of motion for  fj,,(fjf-hj 
{i ({t)A+(:6 L ,  '- 
<.!it) t he  s c a l a r  p o t e n t i a l  
a t  time t . F  and S a r e  canonical va r i ab le s ,  
i s  t h e  number of p a r t i c l e s  of t h e  &-th species .  From 
1 I 
and of the  electromagnetic f i e i d  
I - 
where h(i$ i s  the  vector p o t e n t i a l  and 
U 
j 
i 
where 
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(4) 
AS the  d iscuss ion  w i l l  not include an ex te rna l  magnetic 
f i e l d  t h e  term - ( c X  1\)/:4 C has been omitted i n  E q .  2 .  
~t shnuld be noted t h a t  t h c r c ' a r c  as m m y  eqcat ions 2 
t 
as  t h e r e  a r e  s2ec ies  i n  t he  system under cons idera t ion .  
Our ob jec t ive  is  t o  begin with t h e  f o r e g 4 n g  equc- 
t i o n s  and uer ive  macroscopic (ensemble average) equa- 
t i o n s  for t h e  electromagnetic f i e l d  t h a t  w i l l  d e s c r i  e 
t k e  index of r e f r a c t i o n  and fluctuatic. , i  scattc,-:.ng 3 
2rocesses .  We make the  following assumptions ( 7 )  . 
( a )  The microscopic quant i ty  N(P-4)  can be r q  
%-i t t en  as a sum of i t s  ensemble average 'Glue 
piTipjt ,  :< /df(i jt) > 
~ ~ J ~ ~ ~ ~ ~ . ~ )  --: X/J  ( - , - b j  
and a f luc tua t ing  par L 
having il zero e,-.Jemblt dverage: 
1 f pd 
(bj Tlre microscopic electromagnc i' riel L s  
Z a r ,  be s i m i l a r l y  separated i n  ensemble avc>rt.\je -_ ( 1  
b 
i 
i 
4 
I .  i 
t 
a .  
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f luc tua t ing  p a r t s  i s  s i g n i f i c a n t .  T h e  ensemble average 
p a r t s  descr ibe  t h e  average proper t ies  i n  a plasma such 
a s  propagation, index of r e f r a c t i o n ,  e tc . ,  i . e . ,  the 
macroscopic p rope r t i e s .  I n  t h i s  desc r ip t ion  the plasma 
has  l o s t  the g r a n u l a r i t y  implied by Eq.-1; it is  a con- 
tinuum. T h e  f l u c t u a t i n g  p a r t s  describe the  ter ing 
6ue t o  t h e  incomplete ex t inc t ion  of the  microscopic p 'op- 
agat ing f i e l d s  and, on t h e  average, a r e  zero.  l L 1 : i s  
s tatement corresponds t o  Yvon ' s t 2 )  p r e s c r i p t i o n  for the 
eva lua t ion  of f l u c t u a t i o n  s c a t t e r i n g .  It  should be noted, 
t h a t  when only a t r ansve r se  propagating ensemble average 
wave ex i s t s ,  b(')[jL) i t se l f  is zero. 
W e  now introduce ( 5 )  and (6 )  i n  equations ( 2 )  and 
( 3 ) .  For equation ( 3 )  w e  then have 
! 
! 
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On t ak ing  ensemble averages i n  E q .  ( 7 )  only t e r m s  i n  
$0; +(O! d;' 
semble average equation from Eq. 7 w e  a lso obta in  an 
equation for the f luc tua t ing  q u a n t i t i e s  b 
W e  then  have the  system of equations 
- 
surv ive ;  sub t r ac t ing  the r e s u l t i n g  en- 
w h e r e  O=O,j . W e  now t u r n  our a t t e n t i o n  t o  t h e q u a t i o n  
of motion for N W e  introduce the operator  Y '  
d^(py- t j  E 2 t LV d t  'fa 4 
and hencefor th  write - 
E(st) - Yq.,(qii - j - -3  - A ( @ / .  c s - 3  c 
d q .  2 then  takes the  f o r m  
1 
I 
. 
0 .  
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Tfie f i r s t .  s t e p  here  i s  t o  take  the  ensemble average of 
E q .  10. Clear ly ,  what remains of Eq. (10) i s  
Because of Eq. 8, < s a e >  of Eq. 11 represents  quantities 
I 
i . e . ,  two-poh t ,  one-time co r re l a t ions  of t he  f luc tua t ions .  
I n  t he  der iva t ion  of t h e  ce lebra ted  Vlassov equation these  
terms a r e  neglected thus breaking t h e  coupling with t h e  
h ie rarchy  of equations for  t h e  higher-order co r re l a t ions .  
Pa ren the t i ca l ly  we note here  t h a t  t h e  so lu t ion  of t h e  
Vlassov equation (Eq. 11 with de.>:o) is  obtained by 
wr i t i ng  IJ,,("'(~C) . : N,, ( p )  i- ( d y t /  and by neqlec t ing  
z ne non-linear terms ;j. bfotbx  't, . These s impl i f icu t ions  
( 0 )  - ' 
r V 1  I 
lead t o  the  ca l cu la t ion  of the space-time d i spe r s ive  
d i e l e c t r i c  cons tan ts  (8) cL(;;.j,, cr( . 
We now suberac t  Eq. 11 from Eq. 9 and obta in  
I- 
where t h e  double b4r implies t h a t  for a quant i ty  f , F -. F -<!'>, 
. .  
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I n  the absence of ensemble average f i e l d s  i n  t h e  system 
and on the assumption t h a t  two-point one-time correlations 
can be neglected ( i .e.  Fr=O ) eq. 1 2  reduces t o  
-- 
non-driven ( n a t u r a l l y  occuring) f i e l d  f l u c t u a t i o n s  i n  the 
plasma. T h i s q u a t i o n  w i l l  be use fu l  l a t e r  i n  the eva lua t ion  
of c o r r e l a t i o n s  of f l u c t u a t i o n s  i n  b j  1') l i '  
Equations 8, 9 ,  11, and 1 2  are exact  ec,astions w n -  
t a i n i n g  both the ensemble average and the  f l u c t u a t i o n s  of 
?articles and f i e l d s .  They provide the e s s e n t i  il qua,,' i t i e s  
. seded t o  desc r ibe  propagation of t r ansve r se  and lonyiLudinal 
waves, s c a t t e r i n g  of f luc tua t ions  from f l u c t u a t i o n s ,  etc. 
For the purposes of the present  paper w e  s h a i l  make the 
folbowing s i m p l i f i c a t i o n s :  
( a )  The ensemble average propagating t r a n s v e r s e  
electromagnet ic  f i e l d  i n t e r a c t s  only l i t t l e  w i t h  the heavy 
ions  i n  the system. It is ,  the re fo re ,  sensible t o  keep 
one t e r m  i n  the summation o f  the r i g h t  hand s i d e  of Eq .  8 
r e p r e s e n t i n g  the e l e c t r o n  cur ren t .  
(b) T o  ob ta in  r e s u l t s  amenable t o  c a l c u l a t i o n  w e  
I 0 )  
1 t 
w i l l  use  the s tandard  per turba t ion  expansion N, = d;'tF) +N,'O' 
.) 
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w i l l  be neglected.  
111. THE HIERARCHY OF EQUATIONS FOR THE FIELDS 
It becomes expedient a t  t h i s  point  t o  transform the 
equat ions der ived e a r l i e r  from q k  to-kr.4-space. With 
- 
we have for Eq .  8 (neglect ing a l l  p a r t i c l e s  except 
e l e c t r o n s )  
For *Eq. 9 
hence, t h e  r e s u i t  of Eq.  14. 
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+ e d J  I 
W e  can now so lve  for 
r e s u l t s  
5 ucO’ and ’J;’ and introduce t h e  - r 
i n  Eq .  13. The cont r ibu t ions  of - 
f r o m  Eq. 1 5  and of E“’($d)ovF Nr’( i )  
the free space opera tors  of t h e  l e f t  hand s ide of Eq .  13 
from E q .  16 convert  
to opera tors  ac t ing  on t h e  ensemble average f i e l d s  i n  a 
space-dispers ive medium. Expl ic i te ly ,  and introducing t h e  
t r a n s v e r s e  and longi tudinal  d ie lec t r ic  cons tan ts  ei(-kd) and 
€ ~ ( . l b W )  , w e  obta in  
- 
" 
r G  
and s i m i l a r l y  
where 
Equations 17  and 18 form t h e  des i red  set of coupled eqLations 
for the ensemble average (4'; 0' j - '0) 1pj and t h e  f luc tua t ing  
f i e l d s .  Except for t h e  l i n e a r i z a t i o n ,  t hese  (2; +"'; 
equat ions are exact  equations and by themselves form a 
h ie ra rchy  of equations for  higher order co r re l a t ions  of 
p a r t i c l e s  and f ie lds ."  
w i l l  henceforth be neglected by omit t ing t h e  
All cor re l a t ions  above t h e  second 
I- .- 
t e r m  i n  Eq. 18. 
To f i x  ideas on how t o  proceed from t h i s  point  w e  w i l l  
assume tha t  the only ensemble average f i e l d  i n  t h e  system 
\ 
I 
t 
I 
I 
. -  
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is  a t ransverse  wave such a s  would be exc i ted  by an  in- 
61 c iden t  electromagnetic wave. Then 4 -0 so tha t  
r )  6 -  
Multiplying both t e r m s  of Eq. 2 0  by la and 42xlew and usincj 
from t h e  long i tud ina l  components. W e  then  f i n d  
! 
i 
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._ - 
w i t h  expressions now'available for  A"' and 4''' w e  
can now proceed to evaluate the scattering cross eectione. 
I V .  THE SCATTERING CROSS SECTION 
\ 
A s  w a s  ind ica ted  i n  R e f ,  1 a poss ib l e  method for  t h e  
evaiuat ion of s c a t t e r i n g  c ross  sec t ions  c o n s i s t s  of in-  
troducing t h e  values of A"', 4"' 
_- 
f r o m  Eq ,  21 i n t o  Eq, 2 0  
and t h e n  evaluat ing t h e  changes t h i s  b r ings  on the imagin- 
a r y  p a r t  of qT(&!4). 
measure of t h e  c ros s  sec t ions .  A d i f f i c u l t y ,  however, oc- 
- 
This would g ive  a d i rec t  and unambiguous 
curs here because of t h e  presence of t e r m s  having t h e  form 
i n t r i c a t e  ca l cu la t ion .  Although these t e r m s  have been 
evaluated i n  Ref. 7 w e  s h a l l  p re sen t ly  resor t  t o  some 
s i m p l i f i c a t i o n s  i n  the momentum space i n t e g r a t i c  ,a w n i c h  
w i l l  hopeful ly  make t h e  r e s u l t s  less opaque. 
Take fo r  ins tance  t h e  quant i ty  appearing i n  Eq. 21:  
Y 
Using successive vector i d e n t i t i e s  w e  f i nd  t h a t  
i 
I 
Converting the i n t e g r a l  over 
i n t e g r a l  and not ing  tha t  for 
Ck 
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the divergence t o  a l i n e  
- "1' p+a, + o  w e  r e a d i l y  ob ta in  
Assuming further tha t  i.e. t h a t  l-*-~'d w e  o b t a i n  
where g") i s  the cu r ren t  f l uc tua t ion .  
N o t e  t ha t  the c o n t i n u i t y  equat ion would imply 
- >-(I)  - 
LLU,(')(K.-L~ - K*J, (K,-Q)-.=o t h u s  1,43 . I n  a s i m i l a r  fashion 
, I  
.- w e  f i n d  tha t  
I n t e g r a t i o n s  i n  p of Eq. 1 9  can a l so  be s impl i f ied .  W e  
f i n d  
, 
c 
. -  
k 
! 
! 
i 
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It now becomes obvious t h a t  i n s e r t i n g  4 * (11 , A (1 ) h I
! 
l eads  t o  t e r m s  4 i 
i n  Eq. 19 
etc.  R e s t r i c t i n g  ourselves  only t o  densi ty-densi ty  
c o r r e l a t i o n s  we  t hen  f ind  for  Eq. 19 when aci, -*ep/ur 
- 5. -- 
However (1) 
so that  f i n a l l y  
, 
. 
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A -to) 
and 1, i s  a u n i t  r e c t o r  fo r  t h e  r ec to r  p o t e n t i a l :  A r i A f o )  . 
The scattering cross section , can t h e n  be evaluated * f r o m  - 
L '4 .[&(,(&w)j . T h e  f i r s t  term i n  Eq. 2 8  descr ibes  the 
s c a t t e r i n g  of a t r ansve r se  wave on dens i ty  f luc tua t ions  t o  
produce a t r ansve r se  wave: t h e  second t e r m  descr ibes  the 
s c a t t e r i n g  of a t r ansve r se  wave on f luc tua t ions  t o  produce 
a longi tudina l  wave. If a11 t h e  t e r m s  i n  E q s .  1 7  and 18 
(except ) w e r e  kept ,  add i t iona l  l i n e a r  s c a t t e r i n g  p r o c e s s 0  
could be described. - 
*he cross  s e c t i o n  dkd) ,  gives a general ized -.ersion 
of the Prins-Zernike (9) formula descr ib ing  s c a t t e r i n g  from 
the covariance of dens i ty  f luc tua t ions ,  for  it also includes 
~ l ine l a s t i c l l  s c a t t e r i n g  processes (10). 
I 
i 
where ~a(&d)sC,(kd) and where fit, i s  the p a r t i c l e  dens i ty .  
The eva lua t ion  of IT and t h e  consequences of the second t e r m  
I I ?  
of rh#'d) involving EL(&@) 
R e f .  1. 
- 
a r e  discussed a t  some length i n  
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CONCLUSIONS 
By separa t ing  t h e  microscopic equations for  p a r t i c l e s  
and f i e l d s  i n  a plasma i n t o  ensemble average and f luc tu-  
a:.ing p a r t s  we  have been able t o  de r ive  a genera l ized  
vers ion of t h e  Prins-Zernike formula for  s c a t t e r i n g  of an 
electromagnetic wave from t h e  covariance of d e n s i t y  
f l u c t u a t i o n s  i n  a plasma. The procedure leading t o  the 
des i r ed  r e s u l t s  i s  shown schematically i n  Table I. The 
method developed can be extended t o  cover a l l  l i n e a r  
s c a t t e r i n g  processes involving the i n t e r a c t i o n  of t r a n s -  
verse  and long i tud ina l  waves with f luc tua t ions  i n  a plasma. 
T h i s  method does not s e e m  t o  be r e s t r i c t e d  t o  the des- 
c r i p t i o n  of s m a l l  f l uc tua t ions ,  for  nowhere d i d  we have 
t o  resort t o  "small  s igna l "  analysis .  : 
! 
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